Linear Differental Equations with
Constant Coefficients

The generallinear second —order equation:;

VA PX)Y +Q(X)Y = R(X) oot v s (1)

VAPV +Q(X)Y =0 oo e (2)
P(x),Q(x) and Q(x) are known functions

=0

=0

.()is linear, 2" orderand Nonhomog.
(2)is linear, 2" orderand Homog.



Theoreml:

If y,andy, are anysolutionsof the
homogeneousequation:

y"+P(X)y' +Q(x)y =0,

theny, =c,y, +¢C,Y,, where c,and ¢, are
arbitrary constants, I1s also solution



Theorem2:
If y,andy, are twosolutionsof the homogeneous

equation: y"+P(X)y'"+Q(x)y =0, for which
Y Yo
i Y2
jP(x)dxexists, then there exist constants ¢, &c,

=Y,Y,— Yy, #0 and if

Wy, Y,) =

such that anysolution y, of the homogeneous
equationcan be expressed in the form

Ys =CY, +CY,



Proof :

To provethistheorem first showthat any
pair of solutionof : y"+P(X)y'+Q(x)y =0,
say y;andy; satisfiesthe relation:

, , —| P(x)dx
W(yi’yj) =YiY; ~Y;Yi = kije IP

where k;; Is a suitableconstant.



Vi +P(X)Y; +Q(X)Y; =0 i (1)
Yi+PX)Y; +QMX)Y; =0 (2)

[Eq.(2) xy;]-[Eq.(1) xy; ] get;
LYY =Y, vil+ P(X)LYY; - viyil=0 .(3)



Now:
dW(yi,y;) _ d(yiyj—Y;¥i)

dx dx
=(YiYi+ YY) =Yy +VYiY5)
= (YiY] = Y;¥i)



Hence, EQg. (3) can be written;

WY bWy, y,) =0
dx

InW(yi,yj):—jP(x)dx +C

W(yl | yj) _ kij e—jP(X)dx



Now, for two pairsof solutions

(Y3, Y:) and (ys,Y,)

' , — | P(x)dx
Ya¥i — V1Ys =K5, € j

, , — | P(x)dx
Ya¥o, = Y, ¥3 = k32 € j

Solve, thesetwo aboveeqguations
getting;



— | P(x)dx — | P(x)dx
V., = y,Ks, € I —¥,Ky € I
Y1Y2 = Y2 Y1
— | P(x)dx — | P(x)dx
V. = y,Ks, € j — Y,Ky € j
3 k.. e—jp(x)dx
k32 k31
LYy =Ry -y
3 k12 1 k12 2
Y; =CY, +C,Y,
k32 k31
where ¢, = and c, =

12 12



Let us sup pose that y,(x) = 0 is a solutionof,

V'+P(X)y'+Q(x)y =0, and let us attempt to

find a function ®(x) with the propertythat

d(x) y,(x) Is also a solutionof aboveequation

Now, substitutey = ®(x)y,(x) Into aboveequation:



(Y@ + 2y, D"+ y,®") + P(X) (Y, @ + y, @) + Q(X) (Y, D)
=(y;+ P(X)y; + QX))@ + (2y; + P(X)y,) @’ + y,@" =0
Y, @" +(2y; + P(X)y,) @' =0
do’ 2y,

R
In(@') + 2In(y,) + j P(x)dx = In(c)

' yf

In = j P(x)dx



For all valuesof c&k, the solution

J‘P(x)dx
D(x) Y, (X) = € Y, (%) [ ~—5—dx+k y, (X)

1




jP(x)dx
D(x) Y, (X) = € Y, () [ ~—5—dx+ Kk y, (x)

1

The ®(x)y,(x) Is also a complete solution
since 2 constants provided
W(y,, @y,) # 0



Example:

Find a complete solutionof equation

x“y"+xy'—4y =0, giventhat y = x* is one solution

Solution:

Substitutey = x°® into the given D.E.

X*(X°D)" + x(x*D)' — 4(x*D) =0

X2 (2D + 2XD' + 2XD' + X°D") + X(2XD + X°D') —4(x*D) =0
2X°D +4X°D + X D"+ 2X°D + X°D' - 4x°D =0

X° (XD" +50") =0

XP"+50" =0



X 5" =0
dx
dd’ dx
F5— =0
D’ X
INd®'"+5Inx=1Inc
, C
P
C
D = - +K
4X
The complete solution is:
Yy =X"D = C 4 Kkx?

4x°



Theorems3:
If Y Is anysolutionsof the nonhomogeneous
equation:
y"+P(X)y' +Q(x)y = R(X),
and If c,y,+c,y, Is a complete solution
of the homogeneous equationobtained
from this by deleting the term R(Xx), then
y=CY,+Y,C, +YIs a complete solutionof the

nonhomogeneousequation



Proof :
Let y. be any solutionof nonhomogeneous

equation:

V' +P(X)Y, +Q(X)Y;: = R(X) wevrrrrer e, (1)
and similarly, since Y is a solution of
nonhomogeneousequation:

Y"+P(X)Y' +Q(X)Y =R(X) .oevvverer e (2)
Eq.(1)—-Eq.(2);



(i =Y")+P(X)(y;i =Y) +Q(x)(y; -Y) =0

OR;

(yi _Y)”‘l' P(X)(yi _Y)""Q(X)(yi _Y) =0

Thus the quantity (y, —Y) satisfiesthe homogeneous
equationand, hence, by theorem(2), must be expressible
In the form;

Y, =Y =Cy, +C,Y,

Since y. was any solutionof the nonhomogeneous
equation Theorem (3) is thus establishal.



The homogeneouslinear equationwith constant
coefficients:

Yooy, $Yopoy-py. 4Y-py

(aD? + bD +¢) ¢(x) meansaD*@(x) + bD@(X) + ch(x)

(3D* —10D —8)x* =3(2) —10(2x) —8x* = 6 — 20X —8x"

(3D +2)(D—4)x* = (3D + 2)(2x — 4x?) = (6 — 24x) + (4x —8x°)
= 6— 20X —8x"

(D—-4)(BD +2)x* =(D—4)(6X +2x°) = (6 + 4x) — (24X + 8x°)
= 6— 20X —8x"




ay”"+by'+cy =0 canbe written (aD®+bD+c)y =0

It natural to try: y — emx

as a solution because all derivatives are alike

except for coefficient. Then:

e™(am®+bm+c)=0

But mXx
e =0 SO

]



(am® +bm+¢c) =0

And is called the characteristics or auxiliary
equation of Homog. Or Nonhomog. Eq.
It is obtained as:



am’+bm+c=0 or aD’+bD+c=0

The two roots:

. ~b++b? —4ac
B 2a
The solutions:
y, =e"™ and y, =€

Then:

y==CY,+CY, :Clemlx T Czemzx



By Theorem 2, this is a complete solution of Homog. equation, if

Wy, Y,)#0

WY, Y,)=VY1Ys — Yo i
_ emlx (mzemZX) . em2x (mlemIX)

=(m, —m,)e™ ™ £ Q

Unless m;=m,



Example 1:

"

Solution:

ry

/

12y =0

(D*+7D+12)y =0
m°+7m+12=0
(Mm+4)(m+3)=0

m, =—4 and

. . —4X —3X
sy=ce " +c,e

M,

= -3



Example 2:
y'+2y'+5y =0
Solution:
(D*+2D+5)y=0
m° +2m+5=0
m°+2m+1=-5+1
(M+1)° = -4
m+1=+2vJ/-1 = +2i
m, =-1+21 and m, =-1-2i



m, =-1+21 and m, =-1-2i

y=¢
—X A 21X —X ~—2I1X
y=ce e +ce’e

a(-1+2i)x Cze(—l—Zi)x

y =e7*(c,e®™ +ce")
=e "[c,(cos2x+isin2X)+C,(cos2x—isin2x)]
=e "[(c, +c,)cos2x+i(c, —C,)sin2x]

y =e "[Acos2x + Bsin2x]



Fuler's formula

e'? = cos@+isin@
e 'Y =cos@—isind



Example 3
y'+6y +9y =0
Solution:
(D*+6D+9)y=0
m?+6m+9=0
(M+3)° =0
m =m, =-3

. . —3X —3X
sy=ce > +c, xe



Example 4 :

y'—4y'+4y =0
y=3, x=0 and y'=4, x=0
Solution:
(D*-4D+4)y=0
m‘—4m+4=0
(mM-2)° =0
m =m, =2

. . 2 X 2 X
;y=ce” +c, xe



y =ce’* +c, xe*

When y=3, x=0
3=C,+0= ¢, =3

When y'=4, x=0

y' =2c,e’* +c,(2xe” +e°)
4=2(3)e’ +c,(0+¢e)

C, =—2

Sy =3e” —2xe™*



Example5:
4y" +16y"' + 17y =0
y=1t=0and y=0,t=m

Solution:
(4D2 + 16D +17)y =0

Am? +16m+17 =0

17

+4m = ——
m m 4

17

m? +4m+4——7+4

(m + 2)? .

m = ——

4
F2=tag
m —_2
1

m; = —2 +Elandm2 = _Z_Ei



—It ——It
y=ce'e? +c,e’'e ?

y=e* (Acos%t + Bsin%t)

y=1t=0 = A=1
y=0,t=2r=B=0
1

Ly=e" cos_t

[ .



The complete process for solving the

homogeneous equation in all possible cases as
following:

D.E. ay"+by'+cy=0o0r (aD°+bD+c)y=0

Characteristic equation:

am’°+bm+c=0 or aD’+bD+c=0



Nature of the roots
of characteristic
equation

Real and unequal

m, #m,

Real and equal

m, =m,

Conjugate complex
m, = p+Iq
m,=p _iq

Condition on the Complete solution
coefficients of the of the differential
characteristic equation
equation
b? —4ac >0 y =c,e™ +c,e™

b2 _ 4aC _ O y _ Clemlx 4+ szemzx

b’ —4ac<0 y = eP*(Acosqgx + Bsinq x)

Tikrit University-Civil Engineering
Department Eng.Anal.&Num. Meth. Third
Stage Dr.Adnan Jayed Zedan



The nonhomogeneousequations
ay”+by" +cy=f(x)

y = complementary function+ particularintegral
Theorem4:

If Y,is a solutionsof [ay”+Dby'+cy =R, (X)]

and Y, is a solutionsof [ay"+Dby'+cy =R, (X)]
Then Y =Y, +Y, Is a solutionof

[ay” + Dby’ +cy =R, (X) + R, (x)]



Method of undetermined coefficients:

Example: y” + 4y’ + 3y =5

Solution: Particular Integral

Y = Ae”*

(4Ae™) +4(2Ae™) + 3(Ae”) =5
1

15A=5 = Azg

. 1
- Particular Integral =Y = =e**

3



Example: y”

4y

/

3y =5sIn 2X

Solution: Particular Integral
Y = Asin2x + B cos2x
(—4AsIin2x —4Bcos2X) +
4(2Acos2x—2Bsin2x)

+ 3(Asin2x+ B cos2x) =5sin2x



(—A-8B)sin2x+ (BA— B)cos2x =5sIin2x
— A-8B =5

8A-B=0

Solvethe above 2 Egs. getting;

A:—i and B:—g

13 13

Y = —isin 2 X —ECOSZX

13 13



Example: y" +3y’'+ 2y =10e™ + 4x°
Solution;

Y, = Ae™*

Y, =Bx*+Cx+D

(9Ae>) +3(3Ae™) + 2(Ae*) =10e™
20 Ae™ =10e™

A=Z
2



2B +3(2Bx +C) + 2(Bx* + Cx + D) = 4x°
2B +6Bx +3C + 2Bx° + 2Cx + 2D = 4x°
2Bx* + (6B +2C)x + (2B +3C +2D) = 4x~
2B=4 = B=2

6B+2C=0 = C=-6

2B+3C+2D=0 = D=7/



Y =Y, +Y,

e3x

Y = > - 2X2 —BX + 7

. complete solution
y=ce *+ce+Y

_ €
y=ce+c,e - F2X° —6X+7

2




Example: y" +5y'+6y =3¢ +e
Solution:
m°+5m+6=0
(Mm+2)(m+3)=0
m=-2 and m,=-3

—2X —3X
y=ce “~+c,e 7 +Y

3X



Y = Axe™* + Be”

[4Axe™ —2Ae™ —2Ae ]+

S[-2Axe™* + Ae™**]+ 6[ Axe ] = 3e™*"

4Axe " —4Ae™ —10Axe ™ +5Ae " +6Axe ™ =3¢
Ae =3~

A=3



[9Be** 1+ 5[3Be** ]+ 6[Be**]=e”*
30Be”* =e**

51
30
Y =3xe : g
30
—2X 1

Ly=ce N +c,e +3xe 7 + %egx



Example: y"—2y' + y=xe* —e”

Solution: Homog.
m°—2m+1=0
(m-1)°=0

m = m, =1

y=ce +c,xe" +Y

Y =Y, +Y,

Y = A x’e* + Ax’e”

Y =(A X+ AX)e”



[Agx> + (64y + A)x? + (64, + 4A)x + 24,]e*
—2[Agx> + (34, + A)x? + 24, x]e*
+[Agx> + A x?]e* = xe* — e”*

6Ay xe* + 2A.e* = xe* — e*

1
6140:1:)140:6

- — X x_le le
LYy =Ccre” + Cyxe SX°e +6xe



Particular integrals by the method of variation of parametric:

ay” +by'+cy = f(x) (1)
NonHomo. y"+P(X)y' +Q(X)y =R(x) (2)
Homo. Eq. y"+P(X)y' +Q(X)y=0 (3)



As we do in construction the
complementary function, we attempt to
find two functions of x, say u, and u, such
that;

Y = U y; TU Y,

Will be a solution of nonhomogeneous equation (2)



Having two unknown functions, we required

two equations for their determination:

Eq. (1) by substitution Y into given D.E. (2)

Eqg.(2) remains at our disposal.



From

Y =uy, +U,Y,
By differentiation ; we have:

Y'= (u1y1’ T ylui) T (uz y; T yzu;)

Put;

uy, +uyy, =0 (4)
ow, r / /

" Y'=uy, +U,Y,

A YT = (Uyyr + Yil) + (U Y + YoUs)



Now, Substituton Y,Y"and Y"into Eg. (2)

We obtairn

(Uy; + Yilp + U, Y3 + YoUs ) + P(X)(Uy; + U, Y5)

T Q(X)(ulyl + uzyz) — R(X)

Or,

u (Y7 + P(X)y; + Q(X)y,) + U, (Y; + P(X)y; +Q(X)Y,)
+(Upy; +UzY;) = R(X)



Y4l + YU, = R(X)

5
By solving Eqgs. (4) a_nd (5)
for u;and u,, we obtairn

3

' 2 R(x
RATAY,

= — L R(Y
AR J

(6)



Example: y"—4y = 3x
Solution: Homog. m* —4=0
m==+2
Yy, =c,e°* +c,e "
y =Uu,(X)e” +u,(x)e” u=f(x)

X

y' = 2u,(x)e +u; (x)e** —2u, (x)e™> +u, (x)e™

X

y' = 2u,(X)e* —2u,(x)e™* +u, (x)e™ +uj(x)e™

u;(x)e” +u(x)e”* =0 1)



' 2X —2X
y'=2u,e” —2u,e
y" = 4u,e™ + 4u,e” +2u,e® — 2use ™
Subst yand y" into D.E.
2X —2X 2X —2X 2X —2X
4u.e”" +4u,e " +2u,e” —-2ue” —4(u.e” +u,e) = 3X

2u/e?* —2u,e " = 3x (2)

By Solving Egs. (1) and (2) getting:



U, = — Xe and
4
3 —2X 3 —ex
U, =——Xe " ——e~" +¢
8 16
3 2 X 3 ex
U, =——xe”’" +—e~ +¢,
8 16
Subst u, and u,, get;
. 3 2 X —2X
y=——X+Ce" +c,e

A



Other method :

By formula
y,=e”* and y,=e*
=22 R(X)
Yi¥Yo = Yo Vs
Uy = ———R(X)

YA A



—2X
, e

U, = *3X
1 eZX (_Ze—ZX) . (e—2x (ZGZX))
. 3xe™
Ul = !
S e
4
U, = S e _ S



2 X
, e

U, = *3X
2 er (_Ze—ZX) B (e—2x (ZeZX))
. 3xe**
U2 —
4
_ _EXGZX
4
SU, = 3y 4 S

8 16



Y = u,y, TUy,

_ (_g Xe—2x . %e—ZX)eZX
+ (—gxe2X + %ezx)e‘2X
¢Y=—§x
4
y — yhomo Y

) 3
.Zy:Q@N+Cﬁ2X—ZX



Equations of higherorder:

Example: y"+3y"+3y'+y=0
Solution:
m®+3m°+3m+1=0
(M+1)° =0
m=m,=m,=-1

—X —X 2 ~—X
y=Ce " +C,Xe  +C,X°€E



Example: (D* +8D* +16)y =0

Solution:
m* +8m° +16=0
(m?+4)°=0
m° = —4
m==221, +2i

y =C, COS2X +C, SIN2X + C;XCOS2X +C,XSIN2X



Example: y" —A'y =0

Solution:
m*-21'=0
m* = A’
m? =+ 1%
m=+A4A, tA

. AX —AX -
y=Ce” +C,e " +C,CO0SAX+C, SINAX



2 X

Example: y"+5y"+9y'+5y = 3e
Solution: Homog.
m® +5m* +9m+5=0
(M+1)(Mm*+4m+5)=0
m* +4m+5=0
(Mm+2)° =-1
m+2=4I = m=-2%I



m=-1 m,=-2+1and m,=-2-1I

Vi =C&7° +e ¥ (Acosx+Bsinx)

y=ce X +e**(Acosx+Bsinx)+Y

Y = Ae**

8Ae” +5(4Ae™) +9(2Ae**) +5(Ae*) = 3™
1 1

51Ae** =3 = A=— = Y =—¢e*¥
17 17

er

y=ce* +e *(Acosx+Bsinx) + 7




Example 6y" +7y"—13y" -4y +4y=0

6X* +7x° —13x° —4x+4=0
a. +1 + 2, + 4

b: +1  +2, =3, + 6
a

b

1 1 1 2

=11 +2,+4, + +—, £ + —, iﬂ
3 3

376
+1, -2, +—, -

51
12
2 3



1 +7 -13 -4 +4
+6 +13 0 -4
-2 13 0 -4 0
-12 -2 +4
1/2 +1 -2 0
+3 +2 —
2/3 +4 0
-4 B




6X* +7x° —13x° —4x+4=0

1 2
6(Xx —1)(X+ 2)(X —E)(x+ §) =0



Example: (D* +8D? +16)y =—sinx

Solution:
m*+8m* +16=0
(m* +4)° =0
m* =—4
m==21, £2i

y =€, C0S2X +C, SIN2X + C,XCOS2X +C,XSIN2X +Y



Y = Acosx + BsinXx

(Acosx+ Bsinx) +8(—Acosx—Bsinx) +
16(Acosx + Bsinx) =-sinXx
9Acosx+9Bsinx =-sinx

A=0 and B:—l

9

. . 1 .
Yy =C,COS2X +C, SIN2X 4+ C,XC0S2X +C,XSIN2X ——SIN X

9



Operator Method:

dy d’y 2, d"y

Y _py, —2-p?, »)

dx 4 dx* y 4

Ex: find (D°+2D+1)y If V=X +X

D’y +2Dy +y=2+2(2X+1) + X° + X

=44+ 5%+ X°



Define D
Let D f(x)=u
DD f (x) = Du
. Du= f(x)
du
=T
u=| f(x)dx



Theorem f(D)=aD’+bD+c
f (D)e™ =am’e™ +bme™ +ce™
f(D)e™ =e™(am’ +bm+c)=e™f (m)
(aD* +bD +c)y =e™

o

SV = D
y D°+bD+c

1
3




Ex:Solve
0

C

2

—Z/+y:4e2X

X

Solution: (D?+1)y =4e*
Homo. D°+1=0= D =+i

Yiomo = C; COSX +C, SIN X
y 492)( ﬂ 2X
" (2)°+1 5

A

. _ . 2 X
S Yy =C,COSX+C,SINX+—¢€

5



For;
f(X)=sinBx or

(aD? +bD +c)y = f (X)
' cos Bx

f(x
()_sin Bx
aD?+bD +c

Yp =

f (X) = cos Bx



Ex:Solve
(D* —1)y =sin 2x

Solution:
Homo. D°-1=0= D=4+1

Yiomo =C€ +C,8°°

y :sin2x: Sin 2X :—Esin2x

" D*°-1 -2°-1 5

1

y=ce*+ce - gsin 2X




Euler — Equation:

Try general form;
Y n 9y
dx’
Solution:
Let t=1InX
dy_dy dt

dx dt dx

dy 1 dy  dy_
dx x dt dt

2

dx

« 3

(1) 2™ order



Subst into Eq.(1)
2
a(dY dy)+b dy
dt? dt
d’y
dt”
" order with coefficierts

+cy =g(t)

a +(b—a)a+cy=g(t)



Example: Solve

2
x2d 2’ | 3xﬂ+y:x
dx dx
Solution:

dy dy dt 1 dy

-2 X —=— —=

dx dt dx x dt

dy_ dy

dt dx
,d’y _d7y dy

X
dx? dt® dt




d’y dy dy t
— +3—+Yy=e¢e

(dt2 dt) dt Y

d?y dy t
+2—+y=e¢e

dt? dt Y

Homog. m*+2m+1=0
y, =ce ' +c,te”

et

T (M2 +2Q) +1

t

1
Yo =Ze

t
. —t —t €
y=c,e " +c,te " + "

C, Inx X
y=—+C,—+—
X X 4



Applications:
Buckling of columns;

A slender column fails under compressiwe
force when reach a certainvalue this is called
"buckling load"

From strength of materials

dy M

dx>  El




1—Buckling of columns hingedat both ends,

d’y M
dx2  El
At distance x, M =Py
dy Py
dx2  El
2
o EY




Tikrit University—CiviIBgineering
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P

— —k?

El

d’y

e k?y =0

m°+k*=0 = m==Kki

Yy =C, COSkx + C, sin KX
B.Cs.

y=0 for x=0 and x=L



y=0 for x=0

O=c, cosO+0=c¢c, =0

Y =C, SINKX

y=0 for x=L

O=c, sinkL+0=¢, #0
~SiInkL=0= kL=0, =, 2x, ...

2
/A

kL=7 =k’L°=7° =k* ="
L



2
7T

kL=7 =k’L*=x° =k*=

L2
P_z
El L
2

P, :buckling loac

L:length of column
E :modulus of elasticity
| :moment of Inertia



2 — Buckling of columns fixedat both ends,
V, =0
M=Py—-M,

dy M

(@)
N
<
|

~~

o
<<

|

<
o
—r

O o

(@)

><I\.)
il
il



h
P
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P

— —k?

El

d°y M
Fkey = —2°
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